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GLOBAL EXISTENCE FOR A NONLINEAR SYSTEM WITH
FRACTIONAL LAPLACIAN IN BANACH SPACES
MIGUEL LOAYZA AND PAULO F. S. SILVA
Abstract. We consider the cauchy problem for the fractional power dissipative equation
ut + (−∆)
β/2
u = F (u), where β > 0 and F (u) = B(u, ..., u) and B is a multilinear form
on a Banach space E. We show a global existence result assuming some properties of
scaling degree of the multilinear form and the norm of the space E. We extend the
ideas used for the treating of the equation to determine the global existence for the
system ut + (−∆)
β/2 = F (v), vt + (−∆)
β/2
v = G(u) where F (u) = B1(u, ..., u), G(v) =
B2(v, ..., v)
Keywords: fractional power equation, Banach spaces, global solution.
1. Introduction
Let n ∈ N, β > 0. We consider the Cauchy problem for the semilinear fractional power
equation {
∂tu+ (−∆)
β/2u = F (u), in Rn × (0,∞)
u(0) = u0 in R
n,
(1.1)
where F (u) = B(u, ..., u) and B : Ep → R is a p−linear form, where E is a Banach space,
p > 1 and Ep = E × ... × E(p times). We also assume that the p−linear form B acts on
u only with respect to the spacial variable.
The problem (1.1) models several classical problems, for example
(1) The semilinear fractional power dissipative equation
ut + (−∆)
β/2u = νup.
(2) The generalized Hamilton-Jacobi equation
ut + (−∆)
β/2 = ∇u · ∇u.
When β = 2, we have the Hamilton-Jacobi equation.
(3) The generalized Navier-Stokes equation
ut + (−∆u)
β/2 − (u · ∇)u+∇P = 0, ∇ · u = 0.
(4) The generalized convection-diffusion equation
ut + (−∆u)
β/2 = a · ∇(up), a ∈ Rn, a 6= 0
The case β = 2 for the semilinear dissipative equation correspond to the semilinear heat
equation and has been studied extensively, see for instance [10], [4],[6], [20], [21], [22]. For
β 6= 2 see for example [16], [23], [15]. For the nonlinear Hamilton-Jacobi equation the local
well posedness in Lebesgue spaces has been discussed in [2]. Concerning the generalized
Date: September 22, 2018.
1
2 MIGUEL LOAYZA AND PAULO F. S. SILVA
Navier-Stokes equation see [5]. Global well posedness including self-similar solutions and
the large time behavior have been proved for convection-diffusion in [1] and [9].
Local and global existence and large time behavior for solutions of problem (1.1), with
β = 2 and B a bilinear form on E×E, were studied in a general context in [12]. Specifically,
it is assumed that
(i) The norm ‖ · ‖E has scaling degree equal to a, that is
‖uλ‖E = λ
a‖u‖E (1.2)
for each u ∈ E,λ > 0 such that uλ ∈ E, where uλ(x) = u(λx) for x ∈ R
n.
(ii) The bilinear form B has the following scaling property
B((u1)λ, (u2)λ) = λ
b[B(u1, u2)]λ
for some b ∈ R, λ > 0, and for every ui ∈ E so that (ui)λ ∈ E (i = 1, 2).
(iii) The Banach spaces E is adequate to problem (1.1), that is,
(a) S ⊂ E ⊂ S ′ with continuous injections.
(b) The norm is translations invariant, that is, ‖u(·+x)‖E = ‖u‖E for all u ∈ E and
x ∈ Rn.
(c) For all u, v ∈ E, B(u, v) ∈ S ′ and there exist T0 > 0 and a function w ∈ L
1(0, T0),
w > 0 such that
‖S(t)B(u, v)‖ ≤ w(t)‖u‖‖v‖,
for any u, v ∈ E. Here, (S(t))t≥0 is the heat semigroup.
Henceforth, S denotes the space of Schwartz rapidly decreasing functions and S ′ its dual
space, that is, the space of tempered distributions. Some examples of adequate spaces are
the Lebesgue space Lp(Rn), the Marcinkiewicz weak Lp(Rn) space, the Lorentz space
Lp,q(Rn) and the Morrey space Mp(Rn).
With these concepts it was established the following local existence result.
Theorem 1.1 ([12]). Let β = 2, E a Banach space and let B be a bilinear form on E×E
with scaling degree σ < 2. Let r > n(2 − σ) and 0 ≤ α < min{1, 2 − σ − n/r, σ + n/p}.
Suppose that E has the following properties:
(i) E is adequate to problem (1.1);
(ii) The norm ‖ · ‖E has a scaling degree −
n
r
;
(iii) S(t) : E → Lq(Rn) is a bounded operator for every t > 0 and some q ∈ [1,∞]
Let u0 ∈ BE
α. There exists T = T (u0) and a unique local in time solution of problem
(1.1) on [0, T ), which is unique in the space
F([0, T ), BEα) ∩ {u : (0, T )→ E; sup
0<t<T
tα/2‖u(t)‖E <∞}. (1.3)
The space F([0, T ], BEα) = {u ∈ L∞((0, T ), BEα);u(t) → u(0) as t → 0 in S ′}. The
spaces BEα is given by
BEα = {f ∈ S ′; ‖f‖BEα = sup
t>0
tα/2‖S(t)f‖E <∞}. (1.4)
For the global existence we have.
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Theorem 1.2 ([12]). Let β = 2 and B be a bilinear form with scaling degree σ < 2 on
E × E. Let r > 0 satisfying 1 −
n
r
< σ < 2 −
n
r
. Denote α = 2 − σ −
n
r
. Then, there
exists ǫ > 0 such that for each u0 ∈ BE
α satisfying ‖u0‖BEα < ǫ, there exists a global
solution for problem (1.1) in the space (1.3)(T =∞). Moreover, this is the unique solution
satisfying sup
t>0
tα/2‖u(t)‖E < 2ǫ.
The main objective of this work is extend Karch’result for problem (1.1) with β > 0
and B a p−linear form on Ep. We recall that the fractional Laplacian (−∆)β/2 is defined
by
(−∆)β/2u = F−1
(
|ξ|βFu
)
. (1.5)
where F and F−1 denote the Fourier transform and its inverse, and they are given by
Fu(ξ) =
∫
Rn
e−2pii〈x,ξ〉u(x)dx,
F−1u(x) =
∫
Rn
e2pii〈x,ξ〉u(ξ)dξ.
The semigroup generated by the operator (−∆)β/2 is defined by
Sβ(t)u = Kβ(t) ∗ u, (1.6)
where u ∈ S ′ and Kβ(t, ·) = F
−1(e−t|ξ|
β
) ∈ S, t > 0. Note that for β = 2 we have the well
known heat kernel, K(t, x) = (4πt)−
n
2 e−
|x|2
4t . For this reason, (−∆)β/2 can be consider
as the generalization of the Laplacian operator −∆. It is easy see that Sβ(t) linear and
Sβ(t+ s) = Sβ(t)Sβ(s).
If BEα is a Banach space and u0 ∈ BE
α, we say that u ∈ L∞((0, T ), BEα) is a solution
for problem (1.1) if u verifies, in some sense, the equation
u(t) = Sβ(t)u0 +
∫ t
0
Sβ(t− σ)B(u(σ), ..., u(σ))dσ (1.7)
for every t ∈ (0, T ).
We begin with the local existence for problem (1.1).
Theorem 1.3. Let B a p−linear(p > 1) form with scaling degree σ and E ∈ X an adequate
Banach space to problem (1.1) with scaling degree a. Assume that β + (p − 1)a > σ, and
0 < α < min {β/p, (β − σ)/(p − 1) + a,−(p − 1)a+ σ} .
Let u0 ∈ BE
α. There exit T > 0 and a unique function u in the space
F([0, T ], BEα) ∩ {u : (0, T )→ E; sup
0<t<T
tα/β‖u(t)‖E <∞}.
Our result about global existence is de following.
Theorem 1.4. Let B a p−linear(p > 1) form with scaling degreeσ and E ∈ X an adequate
Banach space to problem (1.1) with scaling degree a, where
β − σ
p− 1
−
β
p
< −a <
β − σ
p − 1
and α =
β − σ
p− 1
+ a. (1.8)
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Let M,R > 0 such that R + pKMp−1 < M with K > 0 given explicitly by (3.11). Then
for every u0 ∈ BE
α with ‖u0‖BEα ≤ R, there exists a unique global solution u of problem
(1.1) satisfying
‖u‖ := sup
t>0
‖u(t)‖BEα + sup
t>0
t
α
β ‖u(t)‖E ≤M. (1.9)
Moreover, If v is other global solution for problem (1.7) satisfying (1.9) and with initial
data v0 with ‖v0‖BEα ≤ R, then
‖u− v‖ ≤ [1− p(2M)p−1K]−1‖u0 − v0‖BEα .
In addition, if pK1M
p−1 < 1, where K1 is given by (3.8), we have
lim
t∞
tα/2‖u(t)− v(t)‖E = 0
if and only if lim
t→∞
tα/2‖Sβ(u0 − v0)‖E = 0
Remark 1.5. Here are some comment concerning Theorem 1.4
(i) It is clear that if β = p = 2, Theorem 1.4 reduces to Karch’s result.
We use our arguments to analyze the semilinear fractional power system
∂tu+ (−∆)
β/2u = B1(v, ..., v), in R
n × (0,∞)
∂tv + (−∆)
β/2v = B2(u, ..., u), in R
n × (0,∞)
u(0) = u0, v(0) = v0 in R
n,
(1.10)
where the B1, B2 are multi-linear forms defined on Banach spaces. Problem (1.10) for
β = 2 has been considered by various authors, see for example, [8], [19].
As in the problem (1.1), if u0 ∈ BE
α1 , v0 ∈ BE
α2 and BEα1 , BFα2 are Banach spaces,
we say that (u, v) ∈ L∞((0, T );BEα1) × L∞((0, T );BFα2) is a solution of the problem
(1.10) if verifies, in some sense, the following system
u(t) = Sβ(t)u0 +
∫ t
0
Sβ(t− τ)B1(v, ..., v)dτ,
v(t) = Sβ(t)v0 +
∫ t
0
Sβ(t− τ)B2(u, ..., u)dτ,
(1.11)
for every t ∈ (0, T ).
On the global existence for problem (1.10) we have the following result.
Theorem 1.6. Let E,F be Banach spaces , B1 : E
q → R and B2 : F
p → R two forms
with scaling degree σ1 and σ2 respectively. Assume that E,F ∈ X have scaling degree a
and b respectively and that E × F is adequate to system (1.10). Let pq > 1,
α1 =
β(1 + q)
pq − 1
+ a−
σ1 + qσ2
pq − 1
, α2 =
β(1 + p)
pq − 1
+ b−
σ2 + pσ1
pq − 1
. (1.12)
Suppose that
(i) α1, α2 > 0.
(ii) α1 + qb < a+ σ1 and α2 + pa < b+ σ2.
(iii) α1 < qα2, α2 < pα1.
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Let M,R > 0 so that R + qM qK1 + pM
pK2 < M. Then, for any Φ = (u0, v0) ∈
BEα1 ×BFα2 verifying
N (Φ) := ‖u0‖BEα1 + ‖v0‖BFα2 ≤ R,
there exists an unique solution U = (u, v) for system (1.11) such that
‖U‖ := sup
t>0
t
α1
β ‖u(t)‖E + sup
t>0
‖u(t)‖BEα1 + sup
t>0
t
α2
β ‖v(t)‖F + sup
t>0
‖v(t)‖BFα2 ≤M.
Moreover, if U = (u, v) is a solution for problem (1.11) verifying ‖U‖ ≤ M with initial
data Φ = (u0, v0) which verify N (Φ) ≤ R, then
‖U − U |‖ ≤ [1−
(
qM q−1K1 + pM
p−1K2
)−1
N (Φ− Φ).
Remark 1.7. Here are some comment on Theorem 1.6.
(i) If σ1 = σ2 = σ and b = [(p + 1)/(q + 1)]a, then α1 = [(β − σ)(q + 1)]/(pq − 1),
α2 = [(p+ 1)/(q + 1)]α1 and conditions (i)-(iv) are reduced to
(β − σ)
q + 1
pq − 1
−
β
p
γ < −a < (β − σ)
q + 1
pq − 1
,
where γ = min{1, [p(q + 1)]/[q(p + 1)]}. In particular, for p = q we have condition
(1.8).
(ii) Local existence for problem (1.10) can be obtained modifying slightly the proof of
Theorem 1.6. To do this, we assume that
(a) α1, α2 > 0, α1 − qα2 + β + qb > a+ σ1, −pα1 + α2 + β + pa > b+ σ2.
(b) β + qb > a+ σ1, β + pa > b+ σ2.
(c) β > qα2, β > pα1.
(d) a+ σ1 > α1 + qb and b+ σ2 > α2 + pa.
2. Preliminary results
In this section we extend for β 6= 2 the definitions considered by Karch in [12, 13] for
β = 2. The arguments used in the proof of Propositions 2.3, 2.9 and 2.11 are similar to
Karch’s arguments, but since we are considering situations in that β can be different to
two we give them for completeness.
2.1. Scaling properties. Let (E, ‖ · ‖E) be a Banach space which can be imbedded
continuously in S ′. We say that the norm ‖ · ‖E has scaling degree equal to a if equality
(1.2) holds. What follows are some examples of Banach spaces with its respective scaling
degrees:
(i) Lebesgue spaces, Lp(Rn): ‖uλ‖Lp = λ
−n
p ‖u‖Lp , 1 ≤ p ≤ +∞,
(ii) Lorentz spaces, L(p,q)(Rn): ‖uλ‖L(p,q) = λ
−n
p ‖u‖L(p,q) , 1 ≤ p, q ≤ +∞,
(iii) Morrey Homogeneous spaces, L˙pq(R
n): ‖uλ‖L˙pq = λ
−n
p ‖u‖L˙pq , 1 ≤ q ≤ p ≤ +∞,
(iv) Besov Homogeneous spaces, Bsp,q(R
n): ‖uλ‖B˙s
(p,q)
= λs−
n
p ‖u‖B˙s
(p,q)
, 1 ≤ p, q ≤ +∞
and s < 0
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For a study of these spaces see [3] and [11].
We say that a p−linear form B defined on Ep = E × E × ... × E(p times) has scaling
degree equal to σ if
B((u1)λ, ..., (up)λ) = λ
σ [B(u1, .., up)]λ , (2.1)
for every u1, u2, ..., up ∈ E, λ > 0 and (ui)λ = ui(λ·), i = 1, 2, ..., p.
Some examples of p− linear forms, with its respective scaling degree σ, are given below:
(i) B(u1, ..., up) = u1 · ... · up, has scaling degree σ = 0.
(ii) B(u1, ..., up) = (u1 · ... · up−1) a · ∇up with a ∈ R
n has scaling degree σ = 1.
(iii) B(u1, u2) = ∇u1 · ∇u2 has scaling degree σ = 2.
In the following result we establish some scaling relations.
Proposition 2.1. Let λ > 0 and u ∈ S ′. Then, (−∆)β/2uλ = λ
β[(−∆)β/2u]λ, Sβ(t)uλ =
[Sβ(λ
βt)u]λ and t
n
βKβ(t, t
1
β x) = Kβ(1, x) for t > 0, x ∈ R
n.
Proof. By the change of variable ξ′ = t1/βξ we have
Kβ(t, t
1
β x) =
∫
Rn
e2pii〈t
1
β x,ξ〉e−t|ξ|
β
dξ
= t−
n
β
∫
Rn
e2pii〈x,ξ
′〉e−|ξ
′|βdξ′.
By (1.5) and the change of variables y′ = λy and ξ′ = λ−1ξ we conclude
[(−∆)β/2uλ](x) =
∫
Rn
e2pii〈x,ξ〉|ξ|βFuλ(ξ)dξ
=
∫
Rn
e2pii〈x,ξ〉|ξ|β
[∫
Rn
e−2pii〈ξ,y〉u(λy)dy
]
dξ
= λβ
∫
Rn
e2pii〈λx,ξ
′〉|ξ′|β
[∫
Rn
e−2pii〈ξ
′,y′〉u(y′)λ−ndy′
]
λndξ′
= λβ[(−∆)β/2uλ](λx)
= λβ[(−∆)β/2u]λ(x)
From (1.6)
[Sβ(t)uλ] (x) =
∫
Rn
F−1(e−t|ξ|
β
)(x− y)u(λy)dy
=
∫
Rn
F−1(e−t|ξ|
β
)(x− λ−1y′)u(y′)λ−ndy′
=
∫
Rn
[∫
Rn
e2pii〈x−λ
−1y′,ξ〉e−t|ξ|
β
dξ
]
u(y′)λ−ndy′
=
∫
Rn
[∫
Rn
e2pii〈λx−y
′,ξ′〉e−tλ
β |ξ′|βλndξ′
]
ϕ(y′)λ−ndy′
=
∫
Rn
[∫
Rn
e2pii〈λx−y
′,ξ′〉e−tλ
β |ξ′|βdξ′
]
u(y′)dy′
= [F−1(e−λ
βt|ξ|β) ∗ u](λx)
= [Sβ(λ
βt)u]λ(x)
When u is an homogeneous function we have the following result.
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Corollary 2.2. If E is a Banach space with scaling degree equal to a and u is an homo-
geneous function with degree equal to θ, then Sβ(t)u = λ
−θ[Sβ(λ
βt)u]λ and ‖Sβ(1)u‖E =
t(a−θ)/β‖Sβ(t)u‖E .
Proposition 2.3. Let Ea and Eb be Banach spaces with scaling degree a and b respectively.
Assume that there exists t0 > 0 such that Sβ(t0) : Ea → Eb is bounded, where Sβ(t) is
defined by (1.6). Then there exists C = C(a, b, β, t0) > 0 so that
‖Sβ(t)u‖Eb ≤ Ct
a−b
β ‖u‖Ea .
for all t > 0. Moreover, if Eb ⊂ S
′ is imbedded continuously and b < a, then Ea = {0}.
Proof. Since Sβ(t0) is bounded, there exists C
′ > 0 such that ‖Sβ(t0)u‖Eb ≤ C
′‖u‖Ea ,
for every u ∈ Ea. By Proposition 2.1, we have
λb‖Sβ(λt0)u‖Eb = ‖[Sβ(λ
βt0)u]λ‖Eb = ‖Sβ(t0)uλ‖Eb ≤ C
′‖uλ‖Ea = C
′λa‖u‖Ea .
Thus, ‖Sβ(λ
βt0)u‖Eb ≤ C
′λa−b‖u‖Ea for every λ > 0. Setting λ = (t/t0)
1
β we conclude
that ‖Sβ(t)u‖Eb ≤ Ct
a−b
β ‖u‖Ea for every t > 0 with C = C
′t
(b−a)/β
0 .
Note that if b < a and u ∈ Ea, then Sβ(t)u → 0 as t→ 0 in Eb. Since Eb is imbedded
continuously in S ′ follows that Sβ(t)u → 0 as t → 0 in S
′. Since Sβ(t)u → u in S
′ as
t→ 0, by uniqueness, we conclude that u = 0.
Proposition 2.4. Let E be a Banach space with scaling degree a. Suppose that for some
t0 > 0 and r0 ∈ [1,+∞] the operator Sβ(t0) : E → L
r0(Rn) is bounded. Then Sβ(t) : E →
Lr(Rn) for all t > 0 and r ≥ r0. Moreover, there exists a constant C > 0 which does not
depend of t > 0 and
‖Sβ(t)u‖Lr ≤ Ct
1
β (a+
n
r )‖u‖E , (2.2)
for all t > 0 and u ∈ E.
Proof. Since Sβ(t0) : E → L
r0(Rn) is bounded we have that ‖Sβ(t0)u‖Lr0 ≤ C‖u‖E
for every u ∈ E and some constant C > 0. As Lr0(Rn) has scaling degree −n/r0, by
Proposition 2.3, we have ‖Sβ(t)u‖Lr0 ≤ Ct
1
β
(
a+ n
r0
)
‖u‖E for all t > 0. Furthermore, we
know that ‖Sβ(t)u‖Lr ≤ Ct
−n
β
(
1
r0
− 1
r
)
‖u‖r0 , 1 ≤ r0 ≤ r ≤ +∞ and t > 0. Thus
‖Sβ(t)u‖Lr ≤ C(t/2)
−n
β
(
1
r0
− 1
r
)
‖Sβ(t/2)u‖Lr0
≤ C ′(t/2)
−n
β
(
1
r0
− 1
r
)
(t/2)
1
β
(
a+ n
r0
)
‖u‖E
= C ′′t
1
β (a+
n
r )‖u‖E ,
for all t > 0 and u ∈ E.
Remark 2.5. From here on, we denote by X the class of Banach spaces E′ which can be
imbedded continuously in S ′ such that there exist t0 and r0 ∈ [1,+∞] and Sβ(t0) : E →
Lr0(Rn) is bounded.
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2.2. The space BEα. Let α ≥ 0 and let E be a nontrivial Banach space which can be
imbedded continuously in S ′ . We define BEα as
BEα = {u ∈ S ′; ‖u‖BEα = sup
t>0
tα/β‖Sβ(t)u‖E <∞}. (2.3)
It is clear that BEα is a linear space and ‖ · ‖BEα defines a norm on BE
α. Indeed,
‖u‖BEα = 0 implies ‖Sβ(t)u‖E = 0, for every t > 0. Since E is imbedded continuously
in S ′ is continuous we conclude that Sβ(t)u → 0 in S
′. Since Sβ(t)u → u in S
′ as t→ 0,
follows that u = 0. The other axioms are easily verified.
Remark 2.6. (i) If E is a Banach space with scaling degree a, then ‖ ·‖BEα has scaling
degree a− α. Indeed, for λ > 0 and Proposition 2.1
‖uλ‖BEα = sup
t>0
tα/β‖Sβ(t)uλ‖E = sup
t>0
tα/β‖[Sβ(λ
βt)u]λ‖E
= λa sup
t>0
tα/β‖Sβ(λ
βt)u‖E
= λ(a−α) sup
t>0
(λβt)α/β‖Sβ(λ
βt)u‖E = λ
(a−α)‖u‖BEα .
(ii) If the norm ‖ · ‖ is translation invariant, then ‖ · ‖BEα is also one. Indeed,
‖Tyu‖BEα = sup
t>0
tα/β‖Sβ(t)Tyu‖E = sup
t>0
tα/β‖T−ySβ(t)u‖E
= sup
t>0
tα/β‖Sβ(t)u‖E = ‖u‖BEα .
Our objective now is to show that BEα is a Banach space. To do this, we consider
some properties of the homogeneous Besov space B˙γp,q(R
n) with γ < 0.
The following result was proved in [16](Proposition 2.1).
Proposition 2.7. Let 1 ≤ r, s ≤ +∞, γ < 0 and 0 < β < +∞.Then u ∈ B˙γr,s(R
n) if and
only if
‖u‖B˙γr,s =

[∫ +∞
0
(
t−γ/β‖Sβ(t)u‖Lr
)s dt
t
] 1
s
, if 1 ≤ s <∞,
sup
t>0
t−γ/β‖Sβ(t)u‖Lr , if s = +∞.
is finite.
Note that if E = Lr(Rn) the set BEα, α > 0, is exactly the space B˙−αr,∞(R
n).
In the next result we establish a continuous imbedding of BEα in a homogeneous Besov
space.
Proposition 2.8 (Imbedding in Besov spaces). Let E be a nontrivial Banach space
continuously imbedded in S ′. Let α ≥ 0, E ∈ X with scaling degree a. There exist r > 1
such that the imbedding BEαa ⊂ B˙
γ
r,∞(R
n) is continuous with γ = n/r + a− α < 0.
Proof. Since E ∈ X , let t0 > 0 and r0 ∈ [1,+∞] so that Sβ(t0) : E → L
r0(Rn)
is bounded. From Proposition 2.3 we conclude that a + n/r0 ≤ 0. Let r > r0 so that
a+ n/r < 0. From Proposition 2.4, there exists C > 0 such that
‖Sβ(t)u‖Lr = ‖Sβ(t/2)Sβ(t/2)u‖Lr ≤ C(t/2)
1
β
(a+n
r
)‖Sβ(t/2)u‖E .
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Multiplying this inequality by t−γ/β with γ = n/r + a− α we obtain
t−
γ
β ‖Sβ(t)u‖Lr ≤ C2
− γ
β (t/2)
α
β ‖Sβ(t/2)u‖E = C
′(t/2)
α
β ‖Sβ(t/2)u‖E .
Hence, we get sup
t>0
t−γ/β‖Sβ(t)u‖Lr ≤ C
′‖u‖BEα .
Now, the result follows from Proposition 2.7.
Finally, we show that BEα is a Banach space.
Proposition 2.9 (Completeness of BEα). Let E be a nontrivial Banach space contin-
uously imbedeed in S ′. Let α ≥ 0, E ∈ X with scaling degree a. Then the space BEα is a
Banach space. Furthermore, there exists r > 1 so that the imbedding BEα ⊂ B˙γr,∞(R
n) is
continuous, with γ = n/r + a− α.
Proof. Since E ⊂ S ′ is a normed linear space it is suffices to show that BEα is complete.
Let (un)n∈N a Cauchy sequence in BE
α. For every t > 0 the sequence (Sβ(t)un)n∈N is a
Cauchy sequence in E because
‖Sβ(t)un − Sβ(t)um‖E ≤ t
−α
β ‖un − um‖BEα .
Hence, since E is a Banach space we have u(t) := lim
n→∞
Sβ(t)un in E. Using the fact that
the embedding E ⊂ S ′ is continuous,we conclude that Sβ(t)un → u(t) in S
′.
On the other hand, since (un)n∈N is a Cauchy sequence in BE
α we obtain a constant
C > 0 such that ‖un(t)‖E ≤ Ct
−α
β for every t > 0. Thus, ‖u(t)‖E ≤ Ct
−α
β for every t > 0.
We show now that there exists v ∈ S ′ so that u(t) = Sβ(t)v. From Proposition 2.8 the
embedding BEα ⊂ B˙γr,∞ is continuous for some r > 1, γ = n/r + a − α. Therefore, the
Cauchy sequence (un)n∈N converge in B˙
γ
r,∞ for some function v. Since B˙
γ
r,∞ ⊂ S
′ we have
that un → u and Sβ(t)un → Sβ(t)v in S
′. By uniqueness we conclude that u(t) = Sβ(t)v.
2.3. Adequate spaces. Let E be a Banach space and B a p−linear form defined on Ep.
We say that E is adequate to problem (1.1) if
(i) S ⊂ E ⊂ S ′ both with continuous injections.
(ii) The norm ‖ ·‖E is invariant by translations, that is, ‖Tyu‖E = ‖u‖E for every u ∈ E,
y ∈ Rn and Tyu = u(· − y).
(iii) For every ui ∈ E, i = 1, ..., p, we have B(u1, ..., up) ∈ S
′. Moreover,
‖Sβ(t)B(u1, ..., up)‖E ≤ ω(t)
p∏
i=1
‖ui‖E
where ω : (0,+∞)→ (0,+∞) and ω ∈ L1(0, T ) for 0 < T < +∞.
Remark 2.10. If (E, ‖ · ‖E) is a Banach space satisfying conditions (i) and (ii), then
‖Sβ(t)u‖E ≤ ‖Kβ(1, ·)‖L1‖u‖E , (2.4)
since Kβ(1, ·) ∈ L
1(Rn), see Lemma 2.1 of [16]). In particular, E is adequate to problem
(1.1) for B(u, ..., u) = u.
In the next result we establish estimates for Sβ(t)B(u1, ..., up) in the spaces E and BE
α.
Proposition 2.11. Let B be a p−linear form with scaling degree σ and let E be a Banach
space adequate to problem (1.1) with scaling degree a.
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(i) There exists a constant C1 = C1(a, σ, β, p) > 0 such that
‖Sβ(t)B(u1, ..., up)‖E ≤ C1t
[(p−1)a−σ]/β
p∏
i=1
‖ui‖E . (2.5)
(ii) Assume that 0 ≤ α ≤ −(p − 1)a + σ. Then there exists C2 = C2(a, σ, β, p) > 0 such
that
‖Sβ(t)B(u1, ..., up)‖BEα ≤ C2t
[α+(p−1)a−σ]/β
p∏
i=1
‖ui‖E . (2.6)
Proof. (i) Let ui ∈ Ea, i = 1, ..., p and t0 > 0. Since B has scaling degree σ, we obtain
from Proposition 2.1, Sβ(t0)B((u1)λ, ..., (up)λ) = λ
σ[Sβ(λ
βt0)B(u1, ..., up)]λ. Hence, using
Proposition 2.1 again, the facts that B is adequate and E has scaling degree a, we have
λσ+a‖Sβ(λ
βt0)B(u1, ..., up)‖E = ‖λ
σ[Sβ(λ
βt0)B(u1, ..., up)]λ‖E
= ‖Sβ(t0)B((uλ)1, ..., (uλ)p)‖E
≤ ω(t0)
p∏
i=1
‖(ui)λ‖E
= ω(t0)λ
pa
p∏
i=1
‖ui‖E .
Thus, ‖Sβ(λ
βt0)B(u1, ..., up)‖E ≤ ω(t0)λ
[(p−1)a−σ]
p∏
i=1
‖ui‖E , for all λ > 0. Setting λ =
(t/t0)
1
β with t > 0, we obtain (2.5) with C1 = ω(t0)t
−(p−1)a+σ
β
0 .
(ii) We first claim that there exists a constant C ′ = C ′(t) > 0 such that for all τ > 0,
τ
α
β ‖Sβ(τ)Sβ(t)B(u1, ..., up)‖E ≤ C
′(t)
p∏
i=1
‖ui‖E .
Indeed, since α ≥ 0, (2.4) holds and B is adequate, we have for 0 < τ ≤ 1,
τ
α
β ‖Sβ(τ)Sβ(t)B(u1, ..., up)‖Ea ≤ ‖Sβ(τ)Sβ(t)B(u1, ..., up)‖Ea
≤ C‖Sβ(t)B(u1, ..., up)‖Ea
≤ Cω(t)
p∏
i=1
‖ui‖Ea .
On the other hand, from bound (2.4), estimate (2.5) and α+ (p − 1)a − σ ≤ 0 we obtain
for τ > 1,
τ
α
β ‖Sβ(τ)Sβ(t)B(u1, ..., up)‖E = τ
α
β ‖Sβ(t)Sβ(τ)B(u1, ..., up)‖E
≤ C˜τ
α
β ‖Sβ(τ)B(u1, ..., up)‖E
≤ C˜τ
α+(p−1)a−σ
β
p∏
i=1
‖ui‖E
≤ C˜
p∏
i=1
‖ui‖E .
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Thus, the claim holds for C ′(t) = max{Cw(t), C˜}.
Fix now t0 > 0. Since
C ′(t0)λ
pa
p∏
i=1
‖ui‖E = C
′(t0)
p∏
i=1
‖(ui)λ‖E
≥ τ
α
β ‖Sβ(τ)Sβ(t0)B((uλ)1, ..., (uλ)p)‖E
= λσ+aτ
α
β ‖Sβ(λ
βτ)Sβ(λ
βt0)B(u1, ..., up)‖E
= λσ+a−α(λβτ)
α
β ‖Sβ(λ
βτ)Sβ(λ
βt0)B(u1, ..., up)‖E
we have (λβτ)α/β‖Sβ(λ
βτ)Sβ(λ
βt0)B(u1, ..., up)‖E ≤ C
′(t0)λ
α+(p−1)a−σ
p∏
i=1
‖ui‖E . Taking
the supreme on τ and setting λ = (t/t0)
1/β we get (2.6) with C2 = C
′(t0)t
−(p−1)a+σ−α
β
0 .
3. Local and global existence for problem (1.1)
The existence, local and global, of solutions for problem (1.1) is based in following
abstract result.
Lemma 3.1. Assume that X is a Banach space and A : X × ... ×X → X is a p−linear
form(p > 1) verifying
‖A(u1, ..., up)‖ ≤ K
p∏
i=1
‖ui‖, (3.1)
for all ui ∈ X, i = 1, ..., p and for some constant K > 0. Let M,R > 0 such that
R+ pKMp < M. (3.2)
Then, for every y ∈ X with ‖y‖ ≤ R the equation
u = y +A(u, ..., u) (3.3)
has a unique solution u ∈ X and ‖u‖ ≤M . Moreover, the solution u depends continuously
in the sense that, if v is a solution of (3.3), with y1 in place of y, and ‖y1‖ ≤ R, ‖v‖ ≤M ,
then
‖u− v‖ ≤ (1− pKMp−1)−1‖y − y1‖. (3.4)
Proof. Set BM = {u ∈ X; ‖u‖ ≤M}. Consider the mapping Gy : BM → X defined by
Gy(u) = y +A(u, ..., u). Since A is p-linear and verify inequality (3.1) we deduce
‖A(u, ..., u) −A(v, ..., v)‖ ≤ K
(
p−1∑
k=0
‖u‖p−1−k‖v‖k
)
‖u− v‖.
Hence,
‖Gy(u)− Gy1(v)‖ ≤ ‖y − y1‖+K
(
p−1∑
k=0
‖u‖p−1−k‖v‖k
)
‖u− v‖. (3.5)
Setting y1 = v = 0 in (3.5), we conclude by (3.2) that ‖Gyu‖ ≤ ‖y‖+K‖u‖
p ≤ R+KMp <
M. From (3.5), for y1 = y we have that ‖Gy(u) − Gy(v)‖ ≤ pKM
p−1‖u − v‖, where
KMp−1 < 1, by (3.2). Therefore, Gy is a strict contraction on BM . Thus, Gy has a fixed
point. The continuous dependence follows directly from (3.5).
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Lemma 3.2. Let p > 1, β > 0, a, σ ∈ R and α = (β − σ)/(p − 1) + a. Assume that
0 < α+ (p− 1)a < σ. Then,
(i) β + (p − 1)a = σ + (p− 1)α.
(ii) β + (p − 1)a > σ, β > pα and β + (p− 1)a > σ − α.
Proof. It follows directly since
β + (p − 1)a − σ = (p− 1)α > 0
β − pα = −(p− 1)a+ σ − α > 0
β + (p− 1)a− σ − α = pα > 0.
Proof of the Theorem 1.4. Let u0 ∈ BE
α and
X = L∞((0,∞);BEα) ∩
{
u : (0,∞)→ E; sup
t>0
tα/β‖u(t)‖E <∞
}
with the norm ‖u‖X = sup
t>0
‖u(t)‖BEα + sup
t>0
tα/β‖u(t)‖E . For ui ∈ E, i = 1, 2, ..., p set
y = Sβ(t)u0 and A(u1, ..., up)(t) =
∫ t
0
Sβ(t− τ)B(u(τ), ..., u(τ))dτ. (3.6)
Since E ∈ X , by Proposition 2.9, BEα is a Banach space. Therefore, X is also a Banach
space. From Proposition 2.11 and Lemma 3.2
t
α
β ‖A(u1, ..., up)(t)‖E ≤ t
α
β
∫ t
0
C1(t− τ)
(p−1)a−σ
β
p∏
i=1
‖ui(τ)‖Edτ
≤ t
α
β
(∫ t
0
C1(t− τ)
(p−1)a−σ
β τ
− pα
β dτ
) p∏
i=1
(
sup
t>0
t
α
β ‖ui(t)‖E
)
= t
1+ (p−1)(a−α)−σ
β
(∫ 1
0
C1(1− τ)
(p−1)a−σ
β τ
− pα
β ds
)( p∏
i=1
‖ui‖X
)
= K1
p∏
i=1
‖ui‖X ,
(3.7)
where
K1 =
∫ 1
0
C1(1− τ)
(p−1)a−σ
β τ−
pα
β dτ. (3.8)
Similarly, by Proposition 2.11 and the definition of α we obtain
‖A(u1, ..., up)‖BEα ≤ C2
∫ t
0
(t− τ)
(p−1)a−σ+α
β
p∏
i=1
‖ui(τ)‖Edτ
≤ C2t
1+
(p−1)(a−α)−σ
β
p∏
i=1
‖ui‖|X
∫ 1
0
(1− τ)
(p−1)a−σ+α
β τ−
pα
β dτ
= K2
p∏
i=1
‖ui‖X
(3.9)
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where
K2 =
∫ 1
0
C2(1− τ)
−
(p−1)a+σ−α
β τ−
pα
β dτ. (3.10)
Lemma 3.2 provides that K1,K2 <∞. Hence, taking
K = K1 +K2 (3.11)
we conclude that ‖A(u1, ..., up)‖X ≤ K
p∏
i=1
‖ui‖X . From Lemma 3.1, the global existence
and continuous dependence follows.
To show, the asymptotic behavior we argue as [12]. Arguing as (3.7) and using (3.5) it
is possible to conclude
tα/β‖u(t)− v(t)‖E ≤ t
α/β‖Sβ(t)(u0 − v0)‖E+
C1
∫ t
0
(t− τ)
(p−1)a−σ
β
(
p∑
i=0
‖u‖p−1−kE ‖v|
k
E
)
‖u(τ)− v(τ)‖Edτ
≤ C1pM
p−1
∫ 1
0
(1− τ)
(p−1)a−σ
β τ−
αp
β
[
(τt)α/β‖u(τt)− v(τt)‖E
]
dτ
Similarly,
tα/β‖u(t) − v(t)− Sβ(t)(u0 − v0)‖E
≤ C1pM
p−1
∫ 1
0
(1− τ)
(p−1)a−σ
β τ
−αp
β
[
(τt)α/β‖u(τt)− v(τt)‖E
]
dτ.
From these estimates and Lemma 6.1 of [12] the conclusion follows.
Proof of Theorem 1.3. Let u0 ∈ BE
α and
XT = L
∞((0, T );BEα) ∩
{
u : (0, T )→ E; sup
0<t<T
tα/β‖u(t)‖E <∞
}
with the norm ‖u‖ = sup
0<t<T
‖u(t)‖BEα + sup
0<t<T
tα/β‖u(t)‖E . For ui ∈ E, i = 1, 2, ..., p set y
and A given by (3.6). Arguing as in the derivation of (3.7) we obtain
tα/β‖A(u1, ..., up)‖E ≤ K1T
1+ (p−1)(a−α)−σ
β
p∏
i=1
‖ui‖X ,
where K1 is given by (3.8). Similarly, arguing as in the derivation of (3.9) we conclude
‖A(u1, ..., up)‖BEα ≤ K2T
1+
(p−1)(a−α)−σ
β
p∏
i=1
‖ui‖X ,
where K2 is given by (3.10). Hypotheses guarantee that constants K1,K2 are finite and
that 1 + [(p − 1)(a − α) − σ]/β > 0. Thus, we have ‖A(u1, ..., up)‖a ≤ K
p∏
i=1
‖ui‖X , with
K = (K1 +K2)T
1+ (p−1)(a−α)−σ
β . From Lemma 3.1 we have the desired result.
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4. Global existence for system (1.11)
We extend the concept of adequate space for problem (1.1) given in subsection 2.3.
Let E and F be Banach spaces and let B1 and B2 be q−linear form and p−linear form
respectively. We say that E × F is adequate to system (1.10), if
(i) The inclusions S ⊂ E,F ⊂ S ′ are continuous.
(ii) The norms ‖ · ‖E and ‖ · ‖F are invariants for translations.
(iii) B1(v1, ..., vq), B2(u1, ..., up) ∈ S
′, for every ui ∈ E, i = 1, .., p and vj ∈ F, j = 1, ..., q,
and
‖Sβ(t)B1(v1, ..., vq)‖E ≤ ω1(t)
q∏
i=1
‖vi‖F ,
‖Sβ(t)B2(u1, ..., up)‖F ≤ ω2(t)
p∏
i=1
‖ui‖E
where ω1, ω2 : (0,+∞)→ (0,+∞) so that ω1, ω2 ∈ L
1(0, T ), for every 0 < T < +∞.
If we consider B1(v1, ..., vq) = u1u2 · · · up and B2(u1, ..., up) = u1u2 · · · up, then the
spaces Lr(Rn)×Ls(Rn) and L(r,r1)(Rn)×L(s,s1)(Rn), with s = r(q +1)/(p+ 1) > n(pq−
1)/[β(p+1)], are adequate to system (1.10). This fact, follows from the following estimates
‖Sβ(t)B1(v1, v2, ..., vq)‖r ≤ Ct
−n
β (
q
s
− 1
r )‖v1v2 · · · vq‖ s
q
≤ Ct−
n
β (
q
s
− 1
r )
q∏
i=1
‖vi‖s,
‖Sβ(t)B1(v1, v2, ..., vq)‖(r,r1) ≤ Ct
−n
β (
q
s
− 1
r )‖v1v2 · · · vq‖( s
q
,r1)
≤ Ct−
n
β (
q
s
− 1
r )
q∏
i=1
‖vi‖(s,s1).
Lemma 4.1. Let B1 and B2 be q and p−linear forms with scaling degree σ1 and σ2 respec-
tively. Assume that E and F are Banach spaces with scaling degree a and b respectively
and that E × F is adequate to system (1.10). Then,
(i) There exist positive constants C1 and C2 such that
‖Sβ(t)B1(v1, ..., vq)‖E ≤ C1t
(qb−a−σ1)/β
q∏
i=1
‖vi‖F
‖Sβ(t)B2(u1, ..., up)‖E ≤ C2t
(pa−b−σ2)/β
p∏
i=1
‖ui‖E
(ii) If α1, α2 > 0 and
α1 + qb ≤ a+ σ1, α2 + pa ≤ b+ σ2.
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Then there exist positive constants C1 and C2 such that
‖Sβ(t)B1(v1, ..., vq)‖BEα1 ≤ C1t
(α1−a+qb−σ1)/β
q∏
i=1
‖vi‖F
‖Sβ(t)B2(u1, ..., up)‖BFα2 ≤ C2t
(α2−b+pa−σ2)]/β
p∏
i=1
‖ui‖E
Proof. The proof follows the same arguments used in the proof of Proposition 2.11.
We need also of the following technical result.
Lemma 4.2. Let E and F be Banach spaces. Consider the system{
x = x0 +B1(y, ..., y)
y = y0 +B2(x, ..., x)
(4.1)
where B1 : F × · · · × F → E and B2 : E × · · · × E → F are a p−linear and a q−linear
forms respectively. Assume that there exist K1,K2 > 0 such that
‖A1(y1, ..., yq)‖E ≤ K1
q∏
i=1
‖yi‖F
‖A2(x1, ..., xp)‖F ≤ K2
p∏
i=1
‖xi‖E
Let M,R > 0 verifying
R+ qM qK1 + pM
pK2 < M. (4.2)
Then, for every (x0, y0) ∈ E × F so that ‖(x0, y0)‖E×F = ‖x0‖E + ‖y0‖F ≤ R, there
exists a unique solution (x, y) ∈ E × F for the system (4.1) such that ‖(x, y)‖E×F ≤ M .
Moreover, if ‖(x¯0, y¯0)‖E×F ≤ R and (x¯, y¯) is the corresponding solution of (4.1) with
‖(x¯, y¯)‖E×F ≤M , then
‖(x, y)− (x¯, y¯)‖E×F ≤ [1− (qM
q−1K1 + pM
p−1K2)]
−1‖(x0, y0)− (x¯0, y¯0)‖E×F . (4.3)
Proof. Set BM = {(x, y) ∈ E × F ; ‖(x, y)‖E×F = ‖x‖E + ‖y‖F ≤M}. Define G(x0,y0) :
BM → E × F by G(x0,y0)(x, y) = (Fx0(x, y), Gy0(x, y)) , with{
Fx0(x, y) = x0 +A1(y, ..., y),
Gy0(x, y) = y0 +A2(x, ..., x).
Since
‖A1(y, ..., y) −A1(y¯..., y¯)‖E ≤ K1
(
q−1∑
k=0
‖y‖q−1−kF ‖y¯‖
k
F
)
‖y − y¯‖F ,
‖A2(x, ..., x) −A2(x¯..., x¯)‖F ≤ K2
(
p−1∑
k=0
‖x‖p−1−kE ‖x¯‖
k
E
)
‖x− x¯‖E ,
we obtain
‖Fx0(x, y)− Fx¯0(x¯, y¯)‖E ≤ ‖x0 − x¯0‖E + qM
q−1K1‖y − y¯‖F ,
‖Gy0(x, y) −Gy¯0(x¯, y¯)‖F ≤ ‖y0 − y¯0‖F + pM
p−1K2‖x− x¯‖E .
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Hence,
‖G(x0,y0)(x, y)− G(x¯0,y¯0)(x¯, y¯)‖E×F
≤ ‖(x0, y0)− (x¯0, y¯0)‖E×F + (qM
q−1K1 + pM
p−1K2)‖(x, y) − (x¯, y¯)‖E×F .
(4.4)
Thus, for (x0, y0) = (x¯0, y¯0) we have
‖G(x0,y0)(x, y)− G(x0,y0)(x¯, y¯)‖E×F ≤
[
qM q−1K1 + pM
p−1K2
]
‖(x, y) − (x¯, y¯)‖E×F .
Therefore, from inequality (4.2), G(x0,y0) is a strict contraction.
On the other hand, for (x¯0, y¯0) = (x¯, y¯) = (0, 0)
‖G(x0,y0)(x, y)‖E×F ≤ ‖(x0, y0)‖E×F +
[
qM q−1K1 + pM
p−1K2
]
‖(x, y)‖E×F
≤ R+ qM qK1 + pM
pK2 ≤M.
So, G(x0,y0)(BM ) ⊆ BM and the existence follows by fixed point theorem.
Continuous dependence follows from (4.4).
Lemma 4.3. Let p, q ≥ 1 such that pq > 1, β > 0, a, b, σ1, σ2 ∈ R. Set
α1 =
β(q + 1)
pq − 1
+ a−
σ1 + qσ2
pq − 1
, α2 =
β(p + 1)
pq − 1
+ b−
σ2 + pσ1
pq − 1
.
Suppose that
(i) α1, α2 > 0.
(ii) α1 + qb < a+ σ1, α2 + pa < b+ σ2.
(iii) α1 < qα2, α2 < pα1.
Then,
(i) β − a+ α1 − α2q = −qb+ σ1, β − b− α1p+ α2 = −pa+ σ2.
(ii) β − a > −qb+ σ1, β − b > −pa+ σ2.
(iii) β > qα2, β > pα1.
(iv) β + α1 − a > −qb+ σ1, β + α2 − b > −pa+ σ2.
Proof. Follows directly since
β − a+ qb− σ1 = qα2 − α1
β − qα2 = −α1 + a− qb+ σ1
β + α1 − a+ qb− σ1 = qα2.
Similar argument can be used tho show the other inequalities.
Proof fo Theorem 1.6 Let α1, α2 defined by (1.12), and let (u0, v0) ∈ BE
α1 ×BFα2 .
Set x0 = Sβ(t)u0, y0 = Sβ(t)v0 and
A1(v1, ..., vq)(t) =
∫ t
0
Sβ(t− τ)B1(v1(τ), ..., vq(τ))dτ,
A2(u1, ..., up)(t) =
∫ t
0
Sβ(t− τ)B2(u1(τ), ..., up(τ))dτ.
Consider X,Y given by
X =
{
u : (0,+∞)→ E; ‖u‖X = sup
t>0
tα1/β‖u(t)‖E + sup
t>0
‖u(t)‖BEα1 < +∞
}
,
Y =
{
v : (0,+∞)→ F ; ‖u‖2 = sup
t>0
tα2/β‖v(t)‖F + sup
t>0
‖v(t)‖BFα2 < +∞
}
.
GLOBAL EXISTENCE FOR A NONLINEAR SYSTEM WITH FRACTIONAL LAPLACIAN 17
Since E,F ∈ X , from Proposition 2.9, we conclude that BEα1 and BFα2 are Banach
spaces. Therefore, (X, ‖ · ‖1) and (Y, ‖ · ‖2) are Banach spaces. Thus, X × Y is also a
Banach space with the norm
‖(u, v)‖X×Y := ‖u‖X + ‖v‖Y .
Since α1 + qb < a + σ1 and α2 + pa ≤ b + σ2, Lemma 4.1 can be used. Note that
β +α1 + qb− a− σ1−α2q = 0, β +α2 + pa− b− σ2 − pα1 = 0. By Lemma 4.1(i) we have
tα1/β‖A1(v1, ..., vq)(t)‖E ≤ K1
(
q∏
i=1
‖vi‖2
)
, (4.5)
tα2/β‖A2(u1, ..., up)(t)‖F ≤ K2
(
p∏
i=1
‖ui‖1
)
, (4.6)
where
K1 = C1
∫ 1
0
(1− s)
qb−a−σ1
β s−
qα2
β ds < +∞,
K2 = C2
∫ 1
0
(1− s)
pa−b−σ2
β s−
pα1
β ds < +∞.
By Lemma 4.1(ii) we have
‖A1(v1, ..., vq)(t)‖BEα1 ≤ K˜1
(
q∏
i=1
‖vi‖2
)
, (4.7)
‖A2(u1, ..., up)(t)‖BFα2 ≤ K˜2
(
p∏
i=1
‖ui‖1
)
, (4.8)
where
K˜1 = C1
∫ 1
0
(1− s)
α1+qb−a−σ1
β s
−
qα2
β ds,
K˜2 = C2
∫ 1
0
(1− s)
α2+pa−b−σ2
β s
−
pα1
β ds,
Therefore,
‖A1(v1, ..., vq)‖1 ≤ K
′
1
(
p∏
i=1
‖vi‖2
)
,
‖A2(u1, ..., up)‖2 ≤ K
′
2
(
p∏
i=1
‖ui‖1
)
,
where K ′i = Ki + K˜i, i = 1, 2. A finiteness of K1,K2, K˜1, K˜2 are consequences of Lemma
4.3. Moreover, the right side of estimates (4.5)-(4.8) do not depend of t. Thus, the result
follows from Lemma 4.2.
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